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A NOTE ON DEGENERATE POLY-BERNOULLI NUMBERS
AND POLYNOMIALS
DAE SAN KIM AND TAEKYUN KIM
Abstract. In this paper, we consider the degenerate poly-Bernoulli polyno-
mials and present new and explicit formulas for computing them in terms of
the degenerate Bernoulli polynomials and Stirling numbers of the second kind.
1. Introduction
For λ ∈ C, L. Carlitz considered the degenerate Bernoulli polynomials given by
the generating function
(1.1)
t
(1 + λt)
1
λ − 1
(1 + λt)
x
λ =
∞∑
n=0
βn (x | λ)
tn
n!
, (see [6, 15, 19]) .
When x = 0, βn (λ) = βn (0 | λ) are called the degenerate Bernoulli numbers.
Thus, by (1.1), we get
(1.2) βn (x | λ) =
n∑
l=0
(
n
l
)
βl (λ) (x | λ)n−l ,
where (x | λ)n = x (x− λ) (x− 2λ) · · · (x− λ (n− 1)).
The classical polylograithm function Lik is
(1.3) Lik (x) =
∞∑
n=1
xn
nk
, (k ∈ Z) , (see [10–17, 20]) .
From (1.1), we note that
∞∑
n=0
lim
λ→0
βn (x | λ)
tn
n!
(1.4)
= lim
λ→0
t
(1 + λt)
1
λ − 1
(1 + λt)
x
λ
=
t
et − 1
ext
=
∞∑
n=0
Bn (x)
tn
n!
,
where Bn (x) are called the Bernoulli polynomials (see [1–27]).
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Thus, by (1.4), we get
(1.5) lim
λ→0
βn (x | λ) = Bn (x) , (n ≥ 0) .
In [4, 10], the poly-Bernoulli polynomials are given by
(1.6)
Lik (1− e
−t)
et − 1
ext =
∞∑
n=0
B(k)n (x)
tn
n!
.
For k = 1, we have
(1.7)
Li1 (1− e
−t)
et − 1
ext =
t
et − 1
ext =
∞∑
n=0
Bn (x)
tn
n!
.
By (1.4) and (1.7), we get B
(1)
n (x) = Bn (x).
The Stirling numbers of the second kind are given by
(1.8) xn =
n∑
l=0
S2 (n, l) (x)l , (see [1–27]) .
and the Stirling numbers of the first kind are defined by
(1.9) (x)n = x (x− 1) · · · (x− n+ 1) =
n∑
l=0
S1 (n, l)x
l, (n ≥ 0) .
The purpose of this paper is to construct the degenerate poly-Bernoulli polyno-
mials and present new and explicit formulas for computing them in terms of the
degenerate Bernoulli polynomials and Stirling numbers of the second kind.
2. Degenerate poly-Bernoulli numbers and polynomials
For λ ∈ C, k ∈ Z, we consider the degenerate poly-Bernoulli polynomials given
by the generating function
(2.1)
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x
λ =
∞∑
n=0
β(k)n (x | λ)
tn
n!
.
When x = 0, β
(k)
n (λ) = β
(k)
n (0 | λ) are called the degenerate poly-Bernoulli
numbers. Note that β
(1)
n (x | λ) = βn (x | λ) and limλ→0 β
(k)
n (x | λ) = B
(k)
n (x).
From (2.1), we can derive the following equation:
∞∑
n=0
β(k)n (x | λ)
tn
n!
=
(
Lik (1− e
−t)
(1 + λt)
1
λ − 1
)
(1 + λt)
x
λ(2.2)
=
(
∞∑
l=0
β
(k)
l (λ)
tl
l!
)(
∞∑
m=0
(x | λ)m
tm
m!
)
=
∞∑
n=0
(
n∑
l=0
(
n
l
)
β
(k)
l (λ) (x | λ)n−l
)
tn
n!
.
Thus, by (2.2), we get
(2.3) β(k)n (x | λ) =
n∑
l=0
(
n
l
)
β
(k)
l (λ) (x | λ)n−l .
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Now, we observe that
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + t)
x
λ(2.4)
=
∞∑
n=0
β(k)n (x | λ)
tn
n!
=
(1 + t)
x
λ
(1 + λt)
1
λ − 1
∫ t
0
1
ey − 1
∫ y
0
1
ey − 1
∫ y
0
· · ·
1
ey − 1
∫ y
0︸ ︷︷ ︸
(k−2)times
y
ey − 1
dy · · · dy.
From (2.4), we have
∞∑
n=0
β(2)n (x | λ)
tn
n!
(2.5)
=
(1 + t)
x
λ
(1 + λt)
1
λ − 1
∫ t
0
y
ey − 1
dy
=
(1 + t)
x
λ
(1 + λt)
1
λ − 1
∞∑
l=0
Bl
l!
∫ t
0
yldy
=
(
t
(1 + λt)
1
λ − 1
(1 + λt)
x
λ
)(
∞∑
l=0
Bl
l + 1
tl
l!
)
=
∞∑
n=0
{
n∑
l=0
(
n
l
)
Bl
l + 1
βn−l (x | λ)
}
tn
n!
,
where Bn = Bn (0) are Bernoulli numbers.
By comparing the coefficients on both sides of (2.5), we obtain the following
theorem.
Theorem 2.1. For n ≥ 0, we have
β(2)n (x | λ) =
n∑
l=0
(
n
l
)
Bl
l + 1
βn−l (x | λ)
= βn (x | λ)−
n
4
βn−1 (x | λ) +
n∑
l=2
(
n
l
)
Bl
l + 1
βn−l (x | λ) .
Moreover,
β(k)n (x | λ) =
n∑
l=0
(
n
l
)
β
(k)
l (λ) (x | λ)n−l .
By (2.4), we easily get
∞∑
n=0
β(k)n (x | λ)
tn
n!
(2.6)
=
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + t)
x
λ
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=
t
(1 + λt)
1
λ − 1
(1 + t)
x
λ
Lik (1− e
−t)
t
.
We observe that
1
t
Lik
(
1− e−t
)
=
1
t
∞∑
n=1
1
nk
(
1− e−t
)n
(2.7)
=
1
t
∞∑
n=1
(−1)
n
nk
n!
∞∑
l=n
S2 (l, n)
(−t)
l
l!
=
1
t
∞∑
l=1
l∑
n=1
(−1)
n+l
nk
n!S2 (l, n)
tl
l!
=
∞∑
l=0
l+1∑
n=1
(−1)
n+l+1
nk
n!
S2 (l + 1, n)
l + 1
tl
l!
.
From (2.6) and (2.7), we have
∞∑
n=0
β(k)n (x | λ)
tn
n!
(2.8)
=
(
∞∑
m=0
βm (x | λ)
tm
m!
)(
∞∑
l=0
(
l+1∑
p=1
(−1)p+l+1
pk
p!
S2 (l + 1, p)
l + 1
)
tl
l!
)
=
∞∑
n=0
{
n∑
l=0
(
n
l
)( l+1∑
p=1
(−1)
p+l+1
p!
pk
S2 (l + 1, p)
l + 1
)
βn−l (x | λ)
}
tn
n!
.
By comparing the coefficients on both sides of (2.8), we obtain the following
theorem.
Theorem 2.2. For n ≥ 0, we have
β(k)n (x | λ) =
n∑
l=0
(
n
l
)( l+1∑
p=1
(−1)
p+l+1
p!
pk
S2 (l + 1, p)
l + 1
)
βn−l (x | λ) .
It is easy to show that
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x+1
λ −
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x
λ(2.9)
= (1 + λt)
x
λ Lik
(
1− e−t
)
=
(
∞∑
l=0
(x | λ)l
tl
l!
)(
∞∑
m=1
(1− e−t)
m
mk
)
=
(
∞∑
l=0
(x | λ)l
tl
l!
)(
∞∑
m=0
(1− e−t)
m+1
(m+ 1)k
)
=
(
∞∑
l=0
(x | λ)l
tl
l!
)(
∞∑
p=1
(
p−1∑
m=0
(−1)
m+p+1
(m+ 1)
k
(m+ 1)!S2 (p,m+ 1)
)
tp
p!
)
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=
∞∑
n=1
{
n∑
p=1
p−1∑
m=0
(−1)m+p+1
(m+ 1)
k
(m+ 1)!S2 (p,m+ 1)
(
n
p
)
(x | λ)n−p
}
tn
n!
.
On the other hand,
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x+1
λ −
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x
λ(2.10)
=
∞∑
n=0
{
β(k)n (x+ 1 | λ)− β
(k)
n (x | λ)
} tn
n!
.
Therefore, by (2.9) and (2.10), we obtain the following theorem.
Theorem 2.3. For n ≥ 1, we have
β(k)n (x+ 1 | λ)− β
(k)
n (x | λ)
=
n∑
p=1
(
p−1∑
m=0
(−1)
m+k+1
(m+ 1)
k
(m+ 1)!S2 (k +m+ 1)
)(
n
p
)
(x | λ)n−p .
Now, we note that
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x
λ
(2.11)
=
Lik (1− e
−t)
(1 + λt)
d
λ − 1
d−1∑
a=0
(1 + λt)
l+x
λ
=
(
Lik (1− e
−t)
t
)
1
d
d−1∑
a=0
dt
(1 + λt)
d
λ − 1
(1 + λt)
l+x
λ
=
∞∑
l=0
(
l+1∑
p=1
(−1)
p+l+1
pk
p!
S2 (l + 1, p)
l + 1
)
tl
l!
×
d−1∑
a=0
∞∑
m=0
βm
(
l + x
d
∣∣∣∣ λd
)
dm−1
tm
m!
=
d−1∑
a=0
(
∞∑
n=0
(
n∑
l=0
l+1∑
p=1
(
n
l
)
(−1)
p+l+1
pk
p!
S2 (l + 1, p)
l + 1
βn−l
(
l + x
d
∣∣∣∣ λd
)
dn−l−1
)
tn
n!
)
=
∞∑
n=0
{
d−1∑
a=0
n∑
l=0
l+1∑
p=1
(
n
l
)
(−1)p+l+1
pk
p!
S2 (l + 1, p)
l + 1
βn−l
(
l+ x
d
∣∣∣∣ λd
)
dn−l−1
}
tn
n!
,
where d is a fixed positive integer.
On the other hand,
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x
λ(2.12)
=
∞∑
n=0
β(k)n (x | λ)
tn
n!
.
Therefore, by (2.11) and (2.12), we obtain the following theorem.
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Theorem 2.4. For n ≥ 0, d ∈ N and k ∈ Z, we have
β(k)n (x | λ)
=
d−1∑
a=0
n∑
l=0
l+1∑
p=1
(
n
l
)
(−1)
p+l+1
pk
p!
S2 (l + 1, p)
l + 1
βn−l
(
l + x
d
∣∣∣∣ λd
)
dn−l−1.
From (2.4), we can derive the following equation:
∞∑
n=0
β(k)n (x+ y | λ)
tn
n!
(2.13)
=
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + λt)
x+y
λ
=
(
Lik (1− e
−t)
(1 + λt)
1
λ − 1
(1 + tλ)
x
λ
)
(1 + λt)
y
λ
=
(
∞∑
l=0
β
(k)
l (x | λ)
tl
l!
)(
∞∑
m=0
(y | λ)m
tm
m!
)
=
∞∑
n=0
(
n∑
l=0
(
n
l
)
β
(k)
l (x | λ) (y | λ)n−l
)
tn
n!
.
Therefore, by (2.13), we obtain the following theorem.
Theorem 2.5. For n ≥ 0, we have
β(k)n (x+ y | λ) =
n∑
l=0
(
n
l
)
β
(k)
l (x | λ) (y | λ)n−l .
Remark.
d
dx
β(k)n (x | λ)
=
d
dx
n∑
l=0
(
n
l
)
β
(k)
n−l (λ) (x | λ)l
=
n∑
l=0
(
n
l
)
β
(k)
n−l (λ)
l−1∑
j=0
1
x− λj
l−1∏
i=0
(x− λi)
=
n∑
l=0
(
n
l
)
β
(k)
n−l (λ)
l−1∑
j=0
l−1∏
i=0
i6=j
(x− λi) .
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